CHAPTER

11

Fourier Transform Pairs

For every time domain waveform there is a corresponding frequency domain waveform, and vice
versa. For example, a rectangular pulse in the time domain coincides with a sinc function [i.e.,
sin(x)/x] in the frequency domain. Duality provides that the reverse is also true; a rectangular
pulse in the frequency domain matches a sinc function in the time domain. Waveforms that
correspond to each other in this manner are called Fourier transform pairs. Several common
pairs are presented in this chapter.

Delta Function Pairs

For discrete signals, the delta function is a simple waveform, and has an
equally simple Fourier transform pair. Figure 11-1a shows a delta function in
the time domain, with its frequency spectrum in (b) and (¢). The magnitude
is a constant value, while the phase is entirely zero. As discussed in the last
chapter, this can be understood by using the expansion/compression property.
When the time domain is compressed until it becomes an impulse, the frequency
domain is expanded until it becomes a constant value.

In (d) and (g), the time domain waveform is shifted four and eight samples to
the right, respectively. As expected from the properties in the last chapter,
shifting the time domain waveform does not affect the magnitude, but adds a
linear component to the phase. The phase signals in this figure have not been
unwrapped, and thus extend only from -= to =. Also notice that the horizontal
axes in the frequency domain run from -0.5 to 0.5. That is, they show the
negative frequencies in the spectrum, as well as the positive ones. The
negative frequencies are redundant information, but they are often included in
DSP graphs and you should become accustomed to seeing them.

Figure 11-2 presents the same information as Fig. 11-1, but with the

frequency domain in rectangular form. There are two lessons to be learned
here. First, compare the polar and rectangular representations of the
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FIGURE 11-1
Delta function pairs in polar form. An impulse in the time domain corresponds to a
constant magnitude and alinear phase in the frequency domain.

frequency domains. As is usually the case, the polar form is much easier to
understand; the magnitude is nothing more than a constant, while the phase is
a straight line. In comparison, the real and imaginary parts are sinusoidal
oscillations that are difficult to attach a meaning to.

The second interesting feature in Fig. 11-2 is the duality of the DFT. In the
conventional view, each sample in the DFT's frequency domain corresponds
to a sinusoid in the time domain. However, the reverse of this is also true,
each sample in the time domain corresponds to sinusoids in the frequency
domain. Including the negative frequencies in these graphs allows the
duality property to be more symmetrical. For instance, Figs. (d), (e), and
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Deltafunction pairsin rectangular form. Each samplein the time domain resultsin a cosine wave in the real part,
and a negative sine wave in the imaginary part of the frequency domain.

(f) show that an impulse at sample number four in the time domain results in
four cycles of a cosine wave in the real part of the frequency spectrum, and
four cycles of a negative sine wave in the imaginary part. As you recall, an
impulse at sample number four in the real part of the frequency spectrum
results in four cycles of a cosine wave in the time domain. Likewise, an
impulse at sample number four in the imaginary part of the frequency spectrum
results in four cycles of a negative sine wave being added to the time domain
wave.

As mentioned in Chapter 8, this can be used as another way to calculate the
DFT (besides correlating the time domain with sinusoids). Each samplein the
time domain results in a cosine wave being added to the real part of the
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frequency domain, and a negative sine wave being added to the imaginary part.
The amplitude of each sinusoid is given by the amplitude of the time domain
sample. The frequency of each sinusoid is provided by the sample number of
the time domain point. The algorithm involves: (1) stepping through each time
domain sample, (2) calculating the sine and cosine waves that correspond to
each sample, and (3) adding up all of the contributing sinusoids. The resulting
program is nearly identical to the correlation method (Table 8-2), except that
the outer and inner loops are exchanged.

The Sinc Function

Figure 11-4 illustrates a common transform pair: the rectangular pulse and the
sinc function (pronounced “sink”). The sinc function is defined as:
sinc(a) = sin(wma)/(wa), however, it is common to see the vague statement: “the
sinc function is of the general form: sin(x)/x." In other words, the sinc is a sine
wave that decays in amplitude as 1/x. In (a), the rectangular pulse is
symmetrically centered on sample zero, making one-half of the pulse on the
right of the graph and the other one-half on the left. This appears to the DFT
as a single pulse because of the time domain periodicity. The DFT of this
signal is shown in (b) and (c), with the unwrapped version in (d) and (€).

First look at the unwrapped spectrum, (d) and (e). The unwrapped
magnitude is an oscillation that decreases in amplitude with increasing
frequency. The phase is composed of all zeros, as you should expect for
a time domain signal that is symmetrical around sample number zero. We
are using the term unwrapped magnitude to indicate that it can have both
positive and negative values. By definition, the magnitude must always be
positive. This is shown in (b) and (¢) where the magnitude is made all
positive by introducing a phase shift of n at all frequencies where the
unwrapped magnitude is negative in (d).

In (), the signal is shifted so that it appears as one contiguous pulse, but is no
longer centered on sample number zero. While this doesn't change the
magnitude of the frequency domain, it does add a linear component to the
phase, making it a jumbled mess. What does the frequency spectrum look like
as real and imaginary parts ? Too confusing to even worry about.

An N point time domain signal that contains a unity amplitude rectangular pulse
M points wide, has a DFT frequency spectrum given by:

EQUATION 11-1
DFT spectrum of arectangular pulse. Inthis
equation, N is the number of pointsin the

time domain signal, al of which haveavalue :
of zero, except M adjacent pointsthat have a Mag X [ k] = M
value of one. The frequency spectrum is sn(mk/N)

contained in X[K], where k runs from 0 to
N/2. To avoid the division by zero, use
X[0] = M. The sine function uses radians,
not degrees. This equation takes into
account that the signal is aliased.
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FIGURE 11-3
DFT of arectangular pulse. A rectangular pulse in one domain corresponds to a sinc
function in the other domain.

Alternatively, the DTFT can be used to express the frequency spectrum as a
fraction of the sampling rate, f:

EQUATION 11-2
Equation 11-1 rewritten in terms of the

sampling frequency. The parameter, f , is _|gn(nfM)
the fraction of the sampling rate, running Mag X (f ) B N
continiously from 0 to 0.5. To avoid the sn(nf )

division by zero, use Mag X(0) = M.

In other words, Eq. 11-1 provides N/2 + 1 samples in the frequency spectrum,
while Eq. 11-2 provides the continuous curve that the samples lie on. These
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equations only provide the magnitude. The phase is determined solely by the
left-right positioning of the time domain waveform, as discussed in the last
chapter.

Notice in Fig. 11-3b that the amplitude of the oscillation does not decay to
zero before a frequency of 0.5 is reached. As you should suspect, the
waveform continues into the next period where it is aliased. This changes
the shape of the frequency domain, an effect that is included in Egs. 11-1
and 11-2.

It is often important to understand what the frequency spectrum looks like when
aliasing isn't present. This is because discrete signals are often used to
represent or model continuous signals, and continuous signals don't alias. To
remove the aliasing in Egs. 11-1 and 11-2, change the denominators from
sin(tkM/N) to tkM/N, and sin(nf) to =f, respectively. Figure 11-4 shows
the significance of this. The quantity =f can only run from O to 1.5708, since f
can only run from 0 to 0.5. Over this range there isn't much difference
between sin(nf) and nf. At zero frequency they have the same value, and
at a frequency of 0.5 there is only about a 36% difference. Without
aliasing, the curve in Fig. 11-3b would show a slightly lower amplitude
near the right side of the graph, and no change near the left side.

When the frequency spectrum of the rectangular pulse is not aliased
(because the time domain signal is continuous, or because you are ignoring
the aliasing), it is of the general form: sin(x)/x, i.e., a sinc function. For
continuous signals, the rectangular pulse and the sinc function are Fourier
transform pairs. For discrete signals thisis only an approximation, with the
error being due to aliasing.

The sinc function has an annoying problem at x = 0, where sin(x)/x becomes
zero divided by zero. This is not a difficult mathematical problem; as x
becomes very small, sin(x) approaches the value of x (see Fig. 11-4).
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This turns the sinc function into x/x, which has a value of one. In other words,
as X becomes smaller and smaller, the value of sinc(x) approaches one, which
includes sinc(0) = 1. Now try to tell your computer this! All it sees is a
division by zero, causing it to complain and stop your program. The important
point to remember is that your program must include special handling at x = 0
when calculating the sinc function.

A key trait of the sinc function is the location of the zero crossings. These
occur at frequencies where an integer number of the sinusoid's cycles fit
evenly into the rectangular pulse. For example, if the rectangular pulse is
20 points wide, the first zero in the frequency domain is at the frequency
that makes one complete cycle in 20 points. The second zero is at the
frequency that makes two complete cycles in 20 points, etc. This can be
understood by remembering how the DFT is calculated by correlation. The
amplitude of a frequency component is found by multiplying the time
domain signal by a sinusoid and adding up the resulting samples. If the
time domain waveform is a rectangular pulse of unity amplitude, thisis the
same as adding the sinusoid's samples that are within the rectangular pulse.
If this summation occurs over an integral number of the sinusoid's cycles,
the result will be zero.

The sinc function is widely used in DSP because it is the Fourier transform pair
of a very simple waveform, the rectangular pulse. For example, the sinc
function is used in spectral analysis, as discussed in Chapter 9. Consider the
analysis of an infinitely long discrete signal. Since the DFT can only work
with finite length signals, N samples are selected to represent the longer signal.
The key here is that "selecting N samples from a longer signal” is the same as
multiplying the longer signal by a rectangular pulse. The ones in the
rectangular pulse retain the corresponding samples, while the zeros eliminate
them. How does this affect the frequency spectrum of the signal? Multiplying
the time domain by a rectangular pulse results in the frequency domain being
convolved with a sinc function. This reduces the frequency spectrum's
resolution, as previously shown in Fig. 9-5a.

Other Transform Pairs

Figure 11-5 (@) and (b) show the duality of the above: a rectangular pulse in
the frequency domain corresponds to a sinc function (plus aliasing) in the time
domain. Including the effects of aliasing, the time domain signal is given by:

EQUATION 11-3
Inverse DFT of therectangular pulse. Inthe
frequency domain, the pulse has an

amplitude of one, and runs from sample . 1 sn2ri(M - 1/2)/N)
number 0 through sample number M-1. The x[i1] = = - -
parameter N is the length of the DFT, and N an(mi/N)

X[i] isthetime domain signal withi running
from 0 to N-1. To avoid the division by
zero, use X[0] = (2M-1)/N.
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EQUATION 11-4
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To eliminate the effects of aliasing from this equation, imagine that the
frequency domain is so finely sampled that it turns into a continuous curve.
This makes the time domain infinitely long with no periodicity. The DTFT is
the Fourier transform to use here, resulting in the time domain signal being
given by the relation:

Inverse DTFT of the rectangular pulse. In

the frequency domain, the pulse has an ) sn(2nf i)
amplitude of one, and runs from zero X[i] = —————
frequency to the cutoff frequency, f., avalue I T

between 0 and 0.5. Thetimedomain signal is
heldin x[i] withirunningfrom0toN-1. To
avoid the division by zero, use x[0] = 2f_.

This equation is very important in DSP, because the rectangular pulse in the
frequency domain is the perfect low-pass filter. Therefore, the sinc function
described by this equation is the filter kernel for the perfect low-pass filter.
Thisis the basis for a very useful class of digital filters called the windowed-
sinc filters, described in Chapter 15.

Figures (c) & (d) show that a triangular pulse in the time domain coincides
with a sinc function squared (plus aliasing) in the frequency domain. This
transform pair isn't as important as the reason it is true. A 2M -1 point
triangle in the time domain can be formed by convolving an M point
rectangular pulse with itself. Since convolution in the time domain results in
multiplication in the frequency domain, convolving a waveform with itself will
square the frequency spectrum.

Is there awaveform that isits own Fourier Transform? The answer is yes, and
there is only one: the Gaussian. Figure (e) shows a Gaussian curve, and (f)
shows the corresponding frequency spectrum, also a Gaussian curve. This
relationship is only true if you ignore aliasing. The relationship between the
standard deviation of the time domain and frequency domain is given by:
2mo0, = 1/o,. While only one side of a Gaussian is shown in (f), the negative
frequencies in the spectrum complete the full curve, with the center of
symmetry at zero frequency.

Figure (g) shows what can be called a Gaussian burst. It is formed by
multiplying a sine wave by a Gaussian. For example, (g) is a sine wave
multiplied by the same Gaussian shown in (€). The corresponding frequency
domain is a Gaussian centered somewhere other than zero frequency. As
before, this transform pair is not as important as the reason it is true. Since
the time domain signal is the multiplication of two signals, the frequency
domain will be the convolution of the two frequency spectra. The frequency
spectrum of the sine wave is a delta function centered at the frequency of the
sine wave. The frequency spectrum of a Gaussian is a Gaussian centered at
zero frequency. Convolving the two produces a Gaussian centered at the
frequency of the sine wave. This should look familiar; it is identical to the
procedure of amplitude modulation described in the last chapter.






